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FIGURES 


1.  Equivalent  Width  Derivative  Function  for  an 
Exponential-Tailed  Inverse  Intensity  Distribution 

of  Lorentz  Lines;  (a)  Curtis -Godson  Approximation; 
(b)  Lindqui  st-Simmons  Approximation 

2.  Equivalent  Width  Derivative  Function  for  an 

Expc nentia I -Tailed  Inverse  Intensity  Distribution 
of  Doppler  Lines:  (a)  Cur tis -Godson  Approxima- 
tion; (b)  Lin dqui  st-Simmons  Approximation  


In  a previous  paper,  ^ the  mean  equivalent  width  derivative  functions 
y(x,p)  for  bands  of  randomly  arranged  Lorentz  or  Doppler  lines  with  a con- 
stant or  exponential  distribution  of  line  strengths  were  derived  and  tabulated. 

Here,  an  extension  to  the  exponential- tailed  inverse  line  strength  distribution 

(2) 

of  Malkmus  is  made.  Familiarity  on  the  reader's  part  with  the  contents  of 
Ref.  1 is  assumed. 

The  exponential- tailed  inverse  distribution  is  an  approximation  to  the 
purely  inverse  distribution  but  is  more  mathematically  convenient  to  use  than 
the  latter,  at  least  when  employed  in  conjunction  with  the  Lorentz  line  shape. 

According  to  this  distribution,  the  probability  that  a line  in  Av  has  strength  S 
(0  < S < ®)  in  dS  is 


P(S)dS  = 


* l"exD  / S \ 

1 RS\' 

S In  R eXp  “ ST7  ) ~ P 

l * M • 

\ Ml] 

I 1 ' 


where  SM  is  the  maximum  line  strength  cut-off  and  SM/R  ihe  minimum  cut-off 
that  would  apply  to  the  purely  inverse  distribution.  The  mean  line  strength  for 
the  distribution  is 


S 


R - 1 
R In  R 


(21 


The  approximation  to  the  inverse  distribution  results  as  R-»«*>. 
tion,  P(S)  in  the  form  of  Eq.  (1)  is  used  to  compute  the  desired 
terms  of  R,  and  then  the  limit  R-»®  is  taken.  In  most  cases,  th 
form  of  the  result  is  independent  of  R. 


In  applica- 
l «.  suit  in 
e functional 
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I hi-  equivalent  width  for  an  array  of  Lorentz  lines  with  this  strength 
distribution  has  the  simple  form^ 


f(x) 


(3) 


where 


f(x)  = v/TT 2x  - 1 . 

For  an  array  of  Doppler  lines,  the  result  is 

WD 

— = ^DH(x) 


wlic  re 


H(x) 


~ ^ J In  ( 1 + x exp  (-z2)  j dz. 


(6) 


The  curve  of  growth  function  H(x)  has  been  considered  by  Malkmus/3'  who 
has  given  a series  solution  for  small  x and  an  asymptotic  expansion  for 
large  x. 

The  equivalent  width  derivative  function  y(x,p)  for  an  array  of 
Lorentz  lines  and  in  the  Lindqui st-Simmons  approximation  is  obtained 
by  using  P(S)  of  Eq.  (1)  with  Eqs.  (14)  and  (18)  of  Ref.  1.  The  result 
i s 


y(x>  p ) 


3 SS 

J [(p  +l)  + (p  - i)cos  0]  [1  + ax(l  + cos  8)]  [1  + bx(l  + cos 


9)1 
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ponential  distribution.  The  only  difference  is  that  the  exponent  on  the 
function  1 + x(l  + cos0)  in  the  denominator  has  been  reduced  from  2 to  1 
and  is  clearly  a result  of  the  S * factor  in  the  distribution  function.  This 
reduction  in  power  is  significant  since  now,  when  the  transformation  to 
the  complex  z plane  by  z = e is  made  in  order  to  perform  the  integration 
of  Eq.  (8)  by  the  method  of  residues,  the  order  of  the  poles  at  z^  and  z^ 
[Eqs.  (27c)  and  (27d)  of  Ref.  1 ] is  also  reduced  from  2 to  1 . A straight- 
forward evaluation  of  the  residues  yields  the  relatively  simple  expression 


y(x,p)  = 


:p(l  + x)  + (1  -ip  ) y/l  + 2x 

Vi  + 2x  [ p + \/l  + 2xJ^ 


For  a homogeneous  path  (p  = l),  Eq.  (9)  reduces  to  y(x,  1 ) = ( 1 + 2xf  1 /2, 
which  is  df(x)/dx  as  required.  Curves  of  y(x,p)  vs  x for  several  values 
of  p according  to  Eq.  (9)  and  according  to  the  Curtis- Godson  expression 


are  shown  in  Fig.  1.  The  discussion  of  these  curves  is  similar  to  that 
given  for  the  constant  and  exponential  distribution  curves  in  Ref.  1.  The 
simplicity  in  form  of  the  result  of  Eq.  (9)  over  the  results  for  the  constant 
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(a) 


<b) 


Fir  I 


Equivalent  Width  Derivative  Function  for  an  Exponential  - 
Tailed  Inverse  Intensity  Distribution  of  Lorentz  Lines: 

(a)  Curtis -Godson  Approximation;  (b)  Lindquist -Simmons 
Approximation 
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and  exponential  eases  is  enhanced  by  the  fact  that  an  inverse  distribution 
is  a more  realistic  representation  for  many  molecular  species  than  either 
of  the  other  two. 


When  Eqs.  (16)  and  (18)  of  Ref.  1 are  used  along  with  P(S)  of  Eq.  1, 
the  derivative  function  for  an  array  of  Doppler  lines  in  the  Lindquist-Simmons 
approximation  is  found  to  be  (after  R-»“>) 


ylx'p’  ' T7  / 1,7^.^] 


Again,  this  result  is  similar  to  that  obtained  for  an  exponential  distribution 
of  Doppler  lines  in  Ref.  1.  The  only  change  is  a reduction  in  the  power  of 
the  denominator  from  2 to  1 . Note  that  y(x,  1)  = dH(x)/c!x  as  required  for 
a homogeneous  path.  A series  representation  for  x < 1 is 


y(x,p)  = Y.  y:--'  — . 

n =0  v 1 + np  ^ 

and  a useful  approximation  (^  0.8%)  for  p ~ 0.  5 is 


y(x,p)  = 


^1  + x [l-x(p2_  l)]*/2 


The  rrost  useful  representation  of  y(x,p)  is  a table  of  values  for  a wide 
range  of  x and  p.  The  entries  of  Table  1 were  computed  by  a numerical 
integration  of  Eq.  (11)  in  a manner  similar  to  that  of  Ref.  1 except  that 
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1 


a Gaussian  quadrature  formula  was  used  in  place  of  the  Wedle  formula. 

The  values  are  accurate  to  1 part  in  10^.  Curves  of  y(x,p)  according  to 
the  Lindquist-Simmons  result  [ Eq.  (11)]  and  the  Curtis- Godson  expression 


y(x,p)  = (2-p)^M  + (p.  l)Hi2Si 


1 14) 


are  displayed  in  Fig.  2. 

For  both  the  Lorentz  and  Doppler  cas^s,  the  transition  from  the  small 
x to  the  large  x behavior  of  y(x,p)  is  more  gradual  for  the  modified  inverse 
distribution  than  for  the  exponential  distribution  (compare  Fig.  1 of  this 
paper  with  Fig.  2 of  Ref.  1 for  the  Lorentz  case  and  Fig.  2 of  this  paper 
with  Fig.  4 of  Ref.  1 for  the  Doppler  case).  This  effect  is  due  to  the  greater 
weight  placed  on  weak  lines  by  the  inverse  distribution  than  by  the  expo- 
nential distribution. 


2.  Equivalent  Width  Derivative  Function  for  an  Exponential- 
Tailed  Inverse  Intensity  Distribution  of  Doppler  Lines: 

(a)  Curtis -Godson  Approximation;  (b)  Lindquist-Simmons 
Approximation 
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LABORATORY  OPERATIONS 

The  Laboratory  Operation!  of  The  Aeroapace  Corporation  is  conducting 
experimental  and  theoretical  investigations  neceaaary  for  the  evaluation  and 
application  of  acientific  advancea  to  new  military  concepta  and  ayatema.  Ver- 
aatility  and  flexibility  have  been  developed  to  a high  degree  by  the  laboratory 
peraonnel  in  dealing  with  the  many  problema  encountered  in  the  nation'a  rapidly 
developing  apace  and  miaaile  ayatema.  Expertiae  in  the  lateat  acientific  devel- 
opmenta  ia  vital  to  the  accompliahment  of  taaka  related  to  theae  problema.  The 
laboratoriea  that  contribute  to  thia  reaearch  are: 

Aerophysics  Laboratory:  Launch  and  reentry  aerodynamica,  heat  trana- 
fer,  reentry  phyaica,  chemical  kinetics,  atructural  mechanica,  flight  dynamica, 
atmoapheric  pollution,  and  high-power  gaa  laaera. 

Chemistry  and  Phyaica  Laboratory;  Atmoapheric  reactiona  and  atmoa- 
pheric optica,  chemical  reactiona  in  polluted  atmospheres,  chemical  reactiona 
of  excited  apeciea  ir  rocket  plumea,  chemical  thermodynamica,  plaama  and 
laaer-induced  reactiona,  laaer  chemiatry,  propulaion  chemiatry,  apace  vacuum 
and  radiation  effecta  on  materiala.  lubrication  and  surface  phenomena,  photo- 
sensitive materials  and  sensors,  high  precision  laaer  ranging,  and  the  appli- 
cation of  phyaica  and  chemiatry  to  problems  of  lav  enforcement  and  biomedicine. 

Electronics  Reaearch  Laboratory;  Electron  agnetic  theory,  devices,  and 
propagation  phenomena,  including  plaama  electromagnetics;  quantum  electronics, 
laaera.  and  electro-optica;  communication  sciences,  applied  electronics,  semi- 
conducting. superconducting,  and  crystal  device  physics,  optical  and  acoustical 
Imaging;  atmoapheric  pollution;  millimeter  wave  and  far-infrared  technology. 

Materiala  Sciences  Laboratory.  Development  of  new  materials,  metal 
matrix  composites  and  new  forma  of  carbon,  teat  and  evaluation  of  graphite 
and  ceramics  in  reentry;  spacecraft  materiala  and  electronic  components  in 
nuclear  weapons  environment,  application  of  fracture  mechanics  to  stress  cor- 
rosion and  fatigue-induced  fractures  in  structural  metals. 

Space  Phyaici  Laboratory:  Atmoapheric  and  ionospheric  physics,  radia- 
tion from  the  atmosphere,  density  and  composition  of  the  atmosphere,  aurorae 
and  airglow.  magnetoapheric  physics,  cosmic  rays,  generation  and  propagation 
of  plasma  waves  in  the  magnetosphere;  solar  physics,  studies  of  solar  magnetic 
fields,  space  astronomy,  x-ray  astronomy;  the  effects  of  nuclear  explosions, 
magnetic  storms,  and  solar  activity  on  the  earth's  atmosphere,  ionosphere,  and 
magnetosphere;  the  effects  of  optical,  electromagnetic,  and  particulate  radia- 
tions in  space  on  space  systems. 
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